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A Simplified View of Trading
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Modern U.S. Equity Markets

Electronic

Decentralized / Fragmented
NYSE, NASDAQ, ARCA, BATS, Direct Edge, …

Exchanges (≈ 70%)
electronic limit order books

Alternative venues (≈ 30%)
ECNs, dark pools, internalization, OTC market makers, etc.

Participants increasingly automated
investors: “algorithmic trading”
market makers: “high-frequency trading”
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Algorithmic Trading
Algorithmic trading of a large order is typically decomposed into three steps:

Trade scheduling: splits parent order into ∼ 5 min “slices”
relevant time-scale: minutes-hours
tradeoff time with execution costs
reflects price impact (temporary / permanent)
reflects urgency, “alpha,” risk/return
schedule updated during execution to reflect price/liquidity/…

Optimal execution of a slice: divides slice into child orders
relevant time-scale: seconds–minutes
strategy optimizes pricing and placing of orders in the limit order book,
tradeoff of price versus delay
execution adjusts to speed of LOB dynamics, price momentum, …

Order routing: decides where to send each child order
relevant time-scale: ∼ 1–50 ms
optimizes fee/rebate tradeoff, liquidity/price, latency, etc.
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Market-Making

Supply short-term liquidity and capture the bid-ask spread

Critical to model adverse selection:
short-term price change conditional on a trade, “order flow toxicity”

profit of a single trade ≈ (captured spread)− (adverse selection)

depends on volatility, news, market venue, counterparty, etc.

Need to control inventory risk, adverse price movement risk

Important to model future prices (“short-term alpha”):
microstructure signals (order book state)
news (NLP, sentiment analysis)
price time series modeling (momentum, mean reversion)
cross-sectional signals (statistical arbitrage)
…

Strategies very sensitive to microstructure details of market mechanisms
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Relevant Questions: Participants

Decision problems: Algorithmic trading

How to schedule trades over time?

Which market mechanisms to use? Limit order, market order, dark
pool? At what price?

How to route trades across venues?

Decision problems: Market-making

If and how much liquidity to supply?

At what price?

What market venues / mechanisms to use?

When to aggressively trade ahead of adverse price movements?
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Relevant Questions: Participants

Estimation/prediction problems:

Pre-trade analytics (e.g., execution costs)

Short-term price changes
typically statistically weak (e.g., R2 � 1%)
non-stationary

Interdependencies between prices and trades
price impact, adverse selection
often need to use own trading data
significant endogeneity issues

Other market primitives (e.g., volume, liquidity, volatility, …)

Other microstructure primitives (e.g., order fill probabilities, order
completion times)

Post-trade analytics (measure / attribute performance)
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Relevant Questions: Participants

Computational / implementation challenges:

Big data
100+ GB per day (compressed!) for U.S. equities
parallelism / memory efficiency important

Realtime, low latency decision making
down to microsecond time scales
linear algebra is possible (e.g., Kalman filter update)
but how about optimization (e.g., mean-variance QP)?
how to implement a complex control policy?
decompose across CPUs, across time scales?
use exotic hardware (e.g., FPGA’s)?

8



The May 6, 2010 Flash Crash
 

 20 May 6, 2010 Market Event Findings 

FIGURE 1.2:  SPY Volume and Price 
!

!

!"#

!"$

!"%

!"&

!!"

!!#

!!$

!!%

!!&

"

!'"""'"""

#'"""'"""

('"""'"""

$'"""'"""

)'"""'"""

%'"""'"""

*'"""'"""

&'"""'"""

+'"""'"""

!"'"""'"""

+,
("

+,
$)

!"
,"
"

!"
,!
)

!"
,(
"

!"
,$
)

!!
,"
"

!!
,!
)

!!
,(
"

!!
,$
)

!#
,"
"

!#
,!
)

!#
,(
"

!#
,$
)

!(
,"
"

!(
,!
)

!(
,(
"

!(
,$
)

!$
,"
"

!$
,!
)

!$
,(
"

!$
,$
)

!)
,"
"

!)
,!
)

!)
,(
"

!)
,$
)

!"
#$
%

&
'(
)*

%+
,-
./

"%
-+
0%

"+
*
#1
)2
%3

4!5+&'()*%+/16+!"#$%

-./012

345678492

(Source: Joint CTFC SEC Report, 9/30/2010)
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Relevant Questions: Regulators

How to ensure robust / fair markets:

Are markets more or less efficient than in the past?

Why do we need to trade on a millisecond timescale?

Should we have such a fragmented market?

Are market structures like dark pools beneficial?

How can we ensure market stability?
Circuit breakers? Minimum order life span? Transaction taxes? Periodic
auctions?
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Outline

There are many interesting and important open questions — there is room
for innovation in modeling / problem formulation as well as methodology.

We will consider in detail a handful of specific problems:

The Cost of Latency

Order Routing and Fragmented Markets

Dark Pools
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The Cost of Latency

Joint work with Mehmet Sağlam.
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Does Speed Pay?

July 23, 2009

“Stock Traders Find Speed Pays, in Milliseconds”

Powerful computers, some housed right next to the machines that drive marketplaces
like the New York Stock Exchange, enable high-frequency traders to transmit millions of
orders at lightning speed.

…

High-frequency traders often confound other investors by issuing and then canceling
orders almost simultaneously … And their computers can essentially bully slower
investors into giving up profits.

…

“It’s become a technological arms race, and what separates winners and losers is how

fast they can move,” said Joseph M. Mecane of NYSE Euronext, which operates the

New York Stock Exchange.
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Latency and Its Significance
Introduction to latency:

Delay between a trading decision and its implementation

2 minutes (NYSE, pre-1980)
⇒ 20 seconds (NYSE, 1980)
⇒ 100s of milliseconds (NYSE, 2007)
⇒ 1 millisecond (NYSE Arca, 2009) “low latency”
⇒ 10–100 microseconds (current state-of-the-art) “ultra-low latency”

Driven by technological innovation and competition between exchanges

Why is low-latency trading important for market
participants?

Contemporaneous decision making

Competitive advantage/disadvantage

Time priority rules in microstructure
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Our Contributions

Quantify the cost of latency in a benchmark stylized execution problem

Provide a closed-form expression in well-known market parameters

Latency is important to all investors with low cost structures

15



Literature Review

Empirical work on the effects of improvements in trading technology
[Easley, Hendershott, Ramadorai, 2008]
[Hendershott, Jones, Menkveld, 2008]
[Hasbrouck & Saar, 2008, 2010; Stoikov, 2009; Kearns, et al., 2010;
others]

Latency of the price ticker
[Cespa & Foucault, 2007]

Optionality embedded in limit orders
[Angel, 1994; Harris, 1998; others]
[Copeland & Galai, 1983; Chacko, Jurek, Stafford, 2008; others]

Discrete-time hedging of contingent claims
[Boyle & Emanuel, 1980; Bertsimas, Kogan, Lo, 2000; others]
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Benchmark Model: No Latency

An investor must sell 1 share of stock over the time horizon [0,T ]

Option A: place a market order to sell

St = bid price at time t, St ∼ S0 + σBt

Option B: place a limit order to sell

Lt = limit order price at time t (decision variable)

17



Benchmark Model: No Latency

An investor must sell 1 share of stock over the time horizon [0,T ]

Option A: place a market order to sell

St = bid price at time t, St ∼ S0 + σBt

Option B: place a limit order to sell

Lt = limit order price at time t (decision variable)

17



Benchmark Model: No Latency

An investor must sell 1 share of stock over the time horizon [0,T ]

Option A: place a market order to sell

St = bid price at time t, St ∼ S0 + σBt

Option B: place a limit order to sell

Lt = limit order price at time t (decision variable)

17



Benchmark Model: No Latency

A limit order executes if either:

Market buy order arrives and
Lt ≤ St + δ.

St ≥ Lt

t
0 T

St

Lt

Sτ1 + δ

τ1

Sτ2 + δ

τ2

impatient buyers arrive, Poisson(µ)

limit order executes

τ3
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Benchmark Model: No Latency

Objective: maximize E [sale price]− S0

Optimal strategy: ‘Pegging’

Use limit orders, Lt = St + δ

If not executed by time T , sell with a market order at ST

t
0 T

St

Lt

Lt = St + δ

τ = arrival time of next
impatient buyer

Value = E
[
Sτ∧T + δI{τ≤T}

]
− S0

= δ
(
1− e−µT

)
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Latency Model

∆t = Latency

T0 = 0 Ti = i∆t Ti+1 Ti+2 T = n∆t· · · · · ·

`i−1
`i

`i+1

`0 `i `i+1 `i+2

h0(∆t) , sup
`0,`1,...

E [sale price]− S0 (when latency is ∆t)

hi(∆t) , sup
`i ,`i+1,...

E
[

sale price | FTi , no trade in [0,Ti+1)
]
− STi

20
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Main Result

Lemma. (Consistency)

lim
∆t→0

h0(∆t) = δ
(
1− e−µT

)

︸ ︷︷ ︸
h̄0

Theorem. (Asymptotic Value)

As ∆t → 0,

h0(∆t) = h̄0 ·

1− σ

δ

√

∆t log
δ2

2πσ2∆t


+ o

(√
∆t
)

21



Main Result

Lemma. (Consistency)

lim
∆t→0

h0(∆t) = δ
(
1− e−µT

)

︸ ︷︷ ︸
h̄0

Theorem. (Asymptotic Value)

As ∆t → 0,

h0(∆t) = h̄0 ·

1− σ

δ

√

∆t log
δ2

2πσ2∆t


+ o

(√
∆t
)

21



Latency Cost

Definition.

Latency Cost , h̄0 − h0(∆t)
h̄0

Interpretation: The cost of latency as a percentage of ‘cost of immediacy’
in the absence of any latency

Corollary. As ∆t → 0,

Latency Cost = σ
√

∆t
δ

√

log
δ2

2πσ2∆t + o
(√

∆t
)

Does not depend on µ or T
Increasing function of σ

√
∆t/δ

Increasing marginal benefits to reductions in latency
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Empirical Application: GS Latency Cost

Parameters estimated for Goldman Sachs Group, Inc., January 2010
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Interpretation

Normalize cost of immediacy to $0.01 per share

Value of decreasing latency from 500 ms to 1 ms: ≈ $0.0020

Typical high frequency trading profits: $0.0010 – $0.0020
sources: Tradeworx, Inc.; Knight Trading 2009 10K filing; AQR Capital;

Traders Magazine 11/2005, Q&A With Dave Cummings; etc.

Average algorithmic trading execution fee: $0.0033
(“non-idea driven”)

source: TABB Group, 2010

Other trading costs for a large investor: $0.0005–$0.0015
(e.g., brokerage & SEC fees, etc.)
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Conclusion

Contributions:

Quantify the cost of latency in a benchmark stylized execution problem

Provide a closed-form expression in well-known market parameters

Implications:

Latency can be important to any investor using limit orders

How important depends on the rest of the investor’s trading costs
(commissions, etc.)

Extensions:

Empirical analysis of the historical evolution of latency cost and implied
latency for U.S. equities

More complex price dynamics (jump diffusions) and fill models
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Order Routing and Fragmented Markets

Joint work with Costis Maglaras and Hua Zheng.

26



Motivation / Contributions

How to analyze fragmented LOBs?

each a multi-class queueing system with complex dynamics

in addition, agents exert control via “smart order routing”

We propose a tractable model to analyze decentralized LOBs, incorporates:

limit order routing capability

market order routing capability

time-money tradeoff heterogeneity

In this framework, we:

characterize the equilibrium through a fluid model

establish that routing decisions simplify dynamics: state space collapse

provide empirical findings supporting state space collapse
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The Limit Order Book (LOB)

price

ASK

BID

buy limit order arrivals

sell limit order arrivals

market sell orders

market buy orders

cancellations

cancellations
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Multiple Limit Order Books

exchange 1

exchange 2

...

exchange N

national best bid/ask
(NBBO)

We consider the evolution of:

one side of the market

the ‘top-of-the-book’, i.e.,
national best bid queues
across all exchanges
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Time Scales

Three relevant time scales:

Events: order / trade / cancellation interarrival times (∼ ms – sec)

Delays: waiting times at different exchanges (∼ sec – min)

Rates: time-of-day variation of flow characteristics (∼ min – hrs)

Order placement decisions depend on queueing delays in LOBs (our focus)

assume constant arrival rates of limit orders and trades

order sizes are small relative to overall flow over relevant time scale

overall limit order and trade volumes are high
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One-sided Multi LOB Fluid Model

Fluid model: Continuous & deterministic arrivals of infinitesimal traders

exchange 1

exchange 2

exchange N

Λ ?

market order

optimized
limit order flow

λ1

λ2

λn

dedicated
limit order flow

µ1

µ2

µN

market order flow
(attraction model)
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The Limit Order Placement Decision

Factors affecting limit order placement:

Expected delay (≈ 1 to 1000 seconds)

Rebates (≈ −$0.0002 to $0.0030 per share)

ri = rebate EDi = expected delay

Traders choose to route their order to exchange i given by
argmax

i
γri − EDi

γ ∼ F i.i.d. across traders, captures delay tolerance / rebate tradeoff
⇒ γ ∼ 101 to 104 seconds per $0.01
allows choice amongst Pareto efficient (ri , EDi) pairs

Implicit option for a market order: r0 � 0, ED0 = 0
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The Market Order Routing Decision

Market orders execute immediately, no queueing

Market orders incur fees (≈ ri)

Natural criterion is to route an infinitesimal order according to

argmin
i

{ ri : Qi > 0, i = 1, . . . ,N }

Routing decision differs from “fee minimization” due to

Order sizes are not infinitesimal; may have to be split across exchanges

Latency to exchange introduces notion of P(fill) when Qi are small

Not all flow is “optimized”, or has other economic considerations

Traders avoid “clearing” queues to avoid increased price slippage
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The Market Order Routing Decision

Attraction Model: Bounded rationality and model intricacies motivate
fitting a probabilistic model of the form

µi(Q) , µ
fi(Qi)∑

j
fj(Qj)

fi(·) captures “attraction" of exchange i :
↑ in Qi and ↓ in ri

Remainder of this talk uses:

fi(Qi) , βiQi

(we imagine βi ∼ 1/ri)
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Transient Dynamics & Flow Equilibrium

Dynamics: Coupled ODEs describe Q̇(t) dynamics, depend on
(λ,Λ, µ)

Equilibrium: Fixed point Q∗

Downstream analysis: (not in talk)
(λ,Λ, µ) vary stochastically at slower time scale (∼ min–hrs) than queue
delays (∼ sec–min)
Q evolves stochastically over such “steady state configurations”
Point-wise stochastic fluid model

We will analyze the structure of equilibria Q∗ as a function of (λ,Λ, µ).
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Fluid Model Equilibrium
πi(γ) = fraction of type γ investors who send orders to exchange i

Definition. An equilibrium (π∗,Q∗) must satisfy

(i) Individual rationality: for all γ, π∗(γ) optimizes

maximize
π(γ)

π0(γ)γr0 +
N∑

i=1
πi(γ)

(
γri −

Q∗i
µi(Q∗)

)

subject to π(γ) ≥ 0,
N∑

i=0
πi(γ) = 1. EDi

(ii) Flow balance: for all 1 ≤ i ≤ N ,

λi + Λ
∫ ∞

0
π∗i (γ) dF(γ) = µi(Q∗)
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Workload

W ,
N∑

i=1
βiQi is the workload, a measurement of aggregate available

liquidity

W 6= total market depth, also accounts for time

EDi = Qi/µi =
(∑

j βjQj
)
/(µβi) = W /(µβi)

Workload is a sufficient statistic to determine delays
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Fluid Model Equilibrium

Theorem. (π∗,W ∗) satisfy

(i) Individual rationality: for all γ, π∗(γ) optimizes

maximize
π(γ)

∫ ∞

0

(
π0(γ)γr0 +

N∑

i=1
πi(γ)

(
γri −

W ∗

µβi

))
dF(γ)

subject to π(γ) ≥ 0,
N∑

i=0
πi(γ) = 1.

EDi

(ii) Systemic flow balance:
N∑

i=1

(
λi + Λ

∫ ∞

0
π∗i (γ) dF(γ)

)
= µ

if and only if (π∗,Q∗) is an equilibrium, where

Q∗i ,
(
λi + Λ

∫ ∞

0
π∗i (γ) dF(γ)

) W ∗

µβi
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Fluid Model Equilibrium

W ∝ µF̄−1 (µ/Λ) [λi = 0]

workload W

market order arrival rate µ

0
0 Λ/2

workload W

limit order arrival rate Λ

0
µ 50µ
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Equilibrium Policies

0

market order

γ0

route to exchange A

γ1

route to exchange B

γ2

route to exchange C

γ3 · · ·

· · ·

probability

sensitivity γ (delay/$)

min
i

γri − W ∗
µβi
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Empirical Results

Consolidated feed TAQ data, millisecond timestamps

Dow 30 Stocks; September 2011

6 largest exchanges for U.S. equities

Symbol Listing
Exchange

Price Average
Bid-Ask
Spread

Volatility
Average
Daily

VolumeLow High
($) ($) ($) (daily) (shares, ◊106)

Alcoa AA NYSE 9.56 12.88 0.010 2.2% 27.8
American Express AXP NYSE 44.87 50.53 0.014 1.9% 8.6

Boeing BA NYSE 57.53 67.73 0.017 1.8% 5.9
Bank of America BAC NYSE 6.00 8.18 0.010 3.0% 258.8

Caterpillar CAT NYSE 72.60 92.83 0.029 2.3% 11.0
Cisco CSCO NASDAQ 14.96 16.84 0.010 1.7% 64.5

Chevron CVX NYSE 88.56 100.58 0.018 1.7% 11.1
DuPont DD NYSE 39.94 48.86 0.011 1.7% 10.2
Disney DIS NYSE 29.05 34.33 0.010 1.6% 13.3

General Electric GE NYSE 14.72 16.45 0.010 1.9% 84.6
Home Depot HD NYSE 31.08 35.33 0.010 1.6% 13.4

Hewlett-Packard HPQ NYSE 21.50 26.46 0.010 2.2% 32.5
IBM IBM NYSE 158.76 180.91 0.060 1.5% 6.6
Intel INTC NASDAQ 19.16 22.98 0.010 1.5% 63.6

Johnson & Johnson JNJ NYSE 61.00 66.14 0.011 1.2% 12.6
JPMorgan JPM NYSE 28.53 37.82 0.010 2.2% 49.1

Kraft KFT NYSE 32.70 35.52 0.010 1.1% 10.9
Coca-Cola KO NYSE 66.62 71.77 0.011 1.1% 12.3
McDonalds MCD NYSE 83.65 91.09 0.014 1.2% 7.9

3M MMM NYSE 71.71 83.95 0.018 1.6% 5.5
Merck MRK NYSE 30.71 33.49 0.010 1.3% 17.6

Microsoft MSFT NASDAQ 24.60 27.50 0.010 1.5% 61.0
Pfizer PFE NYSE 17.30 19.15 0.010 1.5% 47.7

Procter & Gamble PG NYSE 60.30 64.70 0.011 1.0% 11.2
AT&T T NYSE 27.29 29.18 0.010 1.2% 37.6

Travelers TRV NYSE 46.64 51.54 0.013 1.6% 4.8
United Tech UTX NYSE 67.32 77.58 0.018 1.7% 6.2

Verizon VZ NYSE 34.65 37.39 0.010 1.2% 18.4
Wal-Mart WMT NYSE 49.94 53.55 0.010 1.1% 13.1

Exxon Mobil XOM NYSE 67.93 74.98 0.011 1.6% 26.2

Table 1: Descriptive statistics for the 30 stocks over the 21 trading days of September 2011. The
average bid-ask spread is a time average computed from our TAQ data set. The volatility is an average
of daily volatilities over the period in question. All the other statistics were retrieved from Yahoo
Finance.

Exchange Code Rebate Fee
($ per share, ◊10≠4) ($ per share, ◊10≠4)

BATS Z 27.0 28.0
DirectEdge X (EDGX) K 23.0 30.0

NYSE ARCA P 21.0† 30.0
NASDAQ OMX T 20.0† 30.0

NYSE N 17.0 21.0
DirectEdge A (EDGA) J 5.0 6.0

Table 2: Rebates and fees of the 6 major U.S. stock exchanges during the September 2011 period, per
share traded. †Rebates on NASDAQ and ARCA are subject to “tiering”. That is, the quoted rebate
is only available to traders at the highest tiers of volume on the exchange; other traders may receive
significantly lower rebates.
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Expected Delays: PCA Analysis

Under our model,

EDi,t = Qi,t
µi,t

= Wt
µt
· 1
βi

Therefore, the vector of expected delays

~EDt ,
(

Q1,t
µ1,t

, . . . ,
QN ,t
µN ,t

)

should have a low effective dimension.
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Expected Delays: PCA Analysis

% of Variance Explained % of Variance Explained
One Factor Two Factors One Factor Two Factors

Alcoa 80% 88% JPMorgan 90% 94%
American Express 78% 88% Kraft 86% 92%

Boeing 81% 87% Coca-Cola 87% 93%
Bank of America 85% 93% McDonalds 81% 89%

Caterpillar 71% 83% 3M 71% 81%
Cisco 88% 93% Merck 83% 91%

Chevron 78% 87% Microsoft 87% 95%
DuPont 86% 92% Pfizer 83% 89%
Disney 87% 91% Procter & Gamble 85% 92%

General Electric 87% 94% AT&T 82% 89%
Home Depot 89% 94% Travelers 80% 88%

Hewlett-Packard 87% 92% United Tech 75% 88%
IBM 73% 84% Verizon 85% 91%
Intel 89% 93% Wal-Mart 89% 93%

Johnson & Johnson 87% 91% Exxon Mobil 86% 92%

Table 3: Results of PCA: how much variance in the data can the first two principle components explain

where ED(s,j)(t) was estimated in (29) and the trajectories consider all one hour time slots in the 21
days of our observation period. A natural way to do this is via PCA. In particular, we estimate the
e�ective dimension of the set of expected delay vectors in (30) by examining the number of principle
components necessary to explain the variability of the data. Numerical results across the stocks
in our data set are given in Table 3. We find that the first principle component explains around
80% of the variability of the expected delays across exchanges, and that the first two principle
components explain about 90%. This is consistent with the hypothesis of low e�ective dimension.

Intuitively, in the high flow environment of our observation universe, i.e., where � and µ are
large, queue length deviations from the equilibrium configuration would be quickly erased as new
limit or market order arrivals would make decisions taking into account relative opportunities. The
end result is that the queue lengths at the various exchanges stay close to their equilibrium configu-
rations, and that order routing optimization results in the observed coupling across exchnages. On
the slower timescale where the rates of events change over time, possibly in a unpredictable manner,
one observes that the system evolves from one configuration state vector to another, but in each
case staying close to some target equilibrium state that depends on the prevailing vector ⁄,�, µ at
that time. The strong dimension reduction observed in these results persists as we shorten the time
period over which market statistics are averaged from 1 hour down to 15 minutes. For example,
with 15 minute periods, the first principle component still explains 69% of the overall variability of
the vector of delay trajectories (that are themselves four times longer), while the first two principle
components explains 82% of the variability.
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State Space Collapse I
Under our model,

EDi,t = Qi,t
µi,t

= Wt
µt
· 1
βi

=⇒ EDi,t = βARCA

βi
· EDARCA,t

We test the linear relationship

EDi,t = αi ·
(
βARCA

βi
EDARCA,t

)
+ εi,t

Slope S.E. R2

NASDAQ OMX 0.93 0.0036 0.90
BATS 0.91 0.0033 0.91

DirectEdge X (EDGX) 0.97 0.0053 0.82
NYSE 0.97 0.0055 0.82

DirectEdge A (EDGA) 0.89 0.0041 0.86

Table 5: Linear regressions of the expected delays on a particular exchange, versus that of the benchmark
exchange (ARCA) rescaled by the ratio of the attraction coe�cients of the two exchanges.

This linear relationship is illustrated in particular for the stock of Wal-Mart in Figure 3. Here,
we see that the linear relationship holds across all exchanges over periods that vary significantly
with respect to their prevailing market conditions, as is manifested in the roughly two orders of
magnitude variation in estimated expected delays. While the regression slopes in Figure 3 di�er
from those predicted by the linear relationship (34), they have the same ordering. That is, the
relative slopes of any two exchanges in Figure 3 are inversely ordered according to the corresponding
attraction coe�cients of the exchanges (cf. Table 4).

Residual analysis. The third prediction of the model pertains to the specific relationship (33)
that gives a one-dimensional prediction of the state of the various exchanges. That is, given the
market model coe�cients —

(j)
i and a measurement of the queue sizes at the various exchanges,

Q
(s,j)
i (t), one can compute the workload via (32), and then construct estimates for the expected

delays at the various exchanges via (33). We denote the resulting delay estimates by ÊD(s,j)(t),
where theˆnotation denotes in this context is the estimate obtained via the one-dimensional work-
load process, as opposed to measuring the actual expected delay ED(s,j)(t) via (29). In the sequel
we analyze the residuals ED(s,j)(t) ≠ ÊD(s,j)(t). We define the quantity

R2
ú , 1 ≠

Var
3....ED(s,j)(t) ≠ ÊD(s,j)(t)

....
4

Var
1...ED(s,j)(t)

...
2 ,

for each security j. Here, Var(·) is the sample variance, averaged over all time slots t and both
sides of the market s. The quantity R2

ú measures the variability of the residuals unexplained by the
relationship (33), relative to the variability of the underlying expected delays. By its definition,
when R2

ú is close to 1, most of the variability of expected delays is explained by the relationship
(33). Numerical results for R2

ú across securities are given in Table 6. Typical values for R2
ú are

around 80%, highlighting the predictive power of the one-dimensional workload model as a means
of capturing the state of the decentralized fragmented market.

To recapitulate, the analysis of the previous section showed that order routing optimization cou-
ples the dynamics across exchanges, and indeed simplifies their behavior by e�ectively reducing the
multi-dimensional market into a one-dimensional process. The exchange dynamics couple in terms
of their delay estimates as opposed to their queue depths, and the relationship across exchanges
is linear. Finally, the one-dimensional “workload” process o�ers a simple characterization of the
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State Space Collapse I
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State Space Collapse II
Under our model,

ÊDt = Wt
µt
·
( 1
β1
, . . . ,

1
βN

)

How much of the variability of ED is explained by ÊD?

% explained = 1−
∑

t ‖EDt − ÊDt‖2∑
t ‖EDt‖2

R2
ú R2

ú R2
ú

Alcoa 75% Home Depot 87% Merck 78%
American Express 64% Hewlett-Packard 77% Microsoft 80%

Boeing 75% IBM 63% Pfizer 79%
Bank of America 80% Intel 82% Procter & Gamble 80%

Caterpillar 58% Johnson & Johnson 83% AT&T 77%
Cisco 87% JPMorgan 88% Travelers 67%

Chevron 67% Kraft 79% United Tech 47%
DuPont 82% Coca-Cola 81% Verizon 79%
Disney 78% McDonalds 74% Wal-Mart 85%

General Electric 82% 3M 62% Exxon Mobil 81%

Table 6: The measure of performance R2
ú, which given the reduction of variability in expected delays

explained by the workload relationship (33).

state at the various exchanges, and leads to delay estimates for each exchange. In this section, the
pretest of PCA analysis verified that the fragmented market dynamics can be e�ectively reduced
to those of a lower dimensional process, and specifically that the first principle component has
striking explanatory power. The regression analysis between delay trajectories across exchanges
verified the simple linear relation across these variables, and, finally, the delay estimate based on
the one-dimensional workload process and the actual delays measured in each exchange was very
accurate.

As mentioned earlier in discussing Figure 2(b), queue lengths across exchanges exhibit signif-
icantly more variation that their corresponding delays. One could repeat the above analysis, for
example, starting from trying to see whether the queue length processes live on a lower dimensional
manifold, similarly to what we observed in studying the respective delay estimates. Not surpris-
ingly, and as suggested through our analysis and the above comments, the PCA of the queue length
trajectories yields weaker results, and similarly all of the subsequent tests lead to noticeably lower
quality of fit. Our model suggests two explanations: (a) the limit order routing logic seems to rely
on delay estimates as opposed to queue lengths; and, (b) the model capturing the routing of market
orders is itself nonlinear. Both (a) and (b) hinge on some of our modeling assumptions that build
on insight from practical smart order router optimization logic, where indeed limit order placement
decisions depend crucially on delays or fill probabilities, and market order routing follow variants
of fee minimization arguments that depend nonlinearly on the displayed quantities.

Finally, it is worth remarking that this seems to be one of the first examples of complex stochastic
network models, where state space collapse has been empirically verified. Stochastic network theory
is rich in examples where network dynamics under certain control policies are theoretically proved
to exhibit the type of dimension reduction suggested in the analysis of the previous section, and
empirically observed above.

References
A. Alfonsi, A. Fruth, and A. Schied. Optimal execution strategies in limit order books with general shape

functions. Quantitative Finance, 10:143–157, 2010.
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Conclusion

We propose a tractable model that incorporates order routing capability and
flow heterogeneity with the high-frequency dynamics of LOBs

characterize equilibrium

establish state space collapse — fragmented market is coupled through
workload

provide supporting empirical evidence

Future directions:

modeling cancellations

modeling two-sided markets

welfare analysis
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Dark Pools

Joint work with Ramesh Johari and Kris Iyer.
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A Fundamental Tradeoff

In many markets, traders face a choice between: uncertain trade at a better
price or guaranteed trade at a worse price.

We considering a stylized model comparing:

Guaranteed market: (GM)
certain trade in an OTC dealer market or electronic limit order book
intermediated by dealers or market-makers (e.g., HFT)
incurs a transaction cost (“bid-ask spread”)
market facilitates price discovery

Dark pool: (DP)
uncertain trade in an electronic crossing network (ECN)
trade is dis-intermediated; contra-side investors are crossed
zero transaction cost
typically refers to external market for prices
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Dark Pools

February 15, 2013

“Regulator Probes Dark Pools”

Dark pools have been a source of controversy, especially as they have grown to handle
about one in seven stock trades … Most users, as well as regulators, don’t know what is
taking place … One area of concern is whether certain dark-pool clients get more
information …

The SEC is also taking a deeper look at dark pools … It is looking at the volume and
size of orders that take place in the venues, as well as comparing prices of orders that
take place in dark pools with prices on exchanges, among other things …

A rise in off-exchange trading could hurt investors … The reason: With more investors

trading in the dark, fewer buy and sell orders are being placed on exchanges. That can

translate into worse prices for stocks, because prices for stocks are set on exchanges.
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Literature Review

Extensive literature on information and market microstucture
[e.g., Glosten & Milgrom 1985, Kyle 1985, Glosten 1994]

Theoretical models of dark pools
[Zhu 2011; Ye 2011; Hendershott & Mendelson 2000]
[Dönges & Heinemann 2006; Degryse et al. 2009; Buti et al. 2010]

Empirical studies or adverse selection & execution guarantees in online
markets
[Anderson et al. 2008; Mathews 2004; Dewan & Hsu, 2004; Lewis 2011]

Optimal execution in dark pools
[e.g., Sofianos 2007; Saraiya & Mittal 2009; Kratz & Schöneborn 2010]
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Model

Agents:

single period, continuum of infinitesimal strategic traders

valuation = common value + idiosyncratic private value

can choose to if and where to trade (GM or DP), risk neutral

Information:

information (“short-term alpha”) plays an important role

trader’s own information on short-term price changes

trader’s impression on informedness of others in market

fine-grained, heterogeneous signals of future common value

Equilibrium:

prices in GM are set by competitive market-makers (“zero-profit”)

Bayes-Nash equilibrium between agents
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Results

We compare equilibria with and without a dark pool.

Under suitable technical conditions, we establish:

(1) Information segmentation.
All else being equal, GM draws more informed traders, while DP
draws less informed traders.

(2) Transaction costs.
The presence of DP increases the explicit transaction costs of GM.

(3) Adverse selection.
The dark pool experiences an implicit transaction cost from the
correlation between fill rates and short-term price changes.

(4) Welfare.
The presence of DP decreases overall welfare.
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The End

55



Supplementary Slides
The Cost of Latency

56



Latency Model

∆t = Latency

T0 = 0 Ti = i∆t Ti+1 Ti+2 T = n∆t· · · · · ·

`i−1
`i

`i+1

`0 `i `i+1 `i+2

Suppose a limit order `i is placed at time Ti = i∆t :
Case 1: Existing limit order `i−1 gets executed by a market buy
(`i−1 ≤ STi + δ) in (Ti ,Ti+1).
Case 2: If STi+1 ≥ `i , then sale occurs at STi+1 .

Case 3: `i is active over (Ti+1,Ti+2).
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Dynamic Programming Decomposition

h0(∆t) , sup
`0,`1,...

E [sale price]− S0 (when latency is ∆t)

hi(∆t) , sup
`i ,`i+1,...

E
[

sale price | FTi , no trade in [0,Ti+1)
]
− STi

Backward recursion:

hn−1(∆t) = 0
hi(∆t) = max

ui
F
(
hi+1(∆t), ui

)

ui , `i − STi

58



Dynamic Programming Decomposition

h0(∆t) , sup
`0,`1,...

E [sale price]− S0 (when latency is ∆t)

hi(∆t) , sup
`i ,`i+1,...

E
[

sale price | FTi , no trade in [0,Ti+1)
]
− STi

Backward recursion:

hn−1(∆t) = 0
hi(∆t) = max

ui
F
(
hi+1(∆t), ui

)

ui , `i − STi

58



Dynamic Programming Decomposition

h0(∆t) , sup
`0,`1,...

E [sale price]− S0 (when latency is ∆t)

hi(∆t) , sup
`i ,`i+1,...

E
[

sale price | FTi , no trade in [0,Ti+1)
]
− STi

Backward recursion:

hn−1(∆t) = 0
hi(∆t) = max

ui
F
(
hi+1(∆t), ui

)

ui , `i − STi

58



Intuition

t
0 ∆t T = 2∆tτ1

S0

`0 S0 + δ

`′0 S0 + δ − Cσ
√

∆t

`′′0 S0 + δ − σ
√

∆t log K
∆t
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Empirical Application: GS

Parameters estimated from Goldman Sachs Group, Inc. (NYSE: GS)

January 4, 2010

S0 = $170.00
δ = $0.058, i.e., 3.4 bp

σ = $1.92 (daily), i.e., ≈ 17.9% annualized volatility of returns

µ = 12.03 (per minute)

T = 10 (seconds)
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Empirical Application: GS Optimal Strategy
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Empirical Application: GS Optimal Strategy
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Empirical Application: GS Optimal Strategy
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Empirical Application: GS Optimal Strategy
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Empirical Application: GS Value Function
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Empirical Results: NYSE Common Stocks

Parameters from data set of [Aït-Sahalia and Yu, 2009]:

all NYSE common stocks

June 1, 1995 to December 31, 2005

daily estimates of volatility, bid-offer spread

Recent data on Goldman, Sachs

May 4, 1999 to December 31, 2009
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Empirical Results: NYSE Common Stocks
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Empirical Results: NYSE Common Stocks
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Empirical Results: NYSE Common Stocks
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Supplementary Slides
Order Routing in Fragmented Markets

66



Empirical Results

Dow 30 Stocks; September 2011

Symbol Listing
Exchange

Price Average
Bid-Ask
Spread

Volatility
Average
Daily

VolumeLow High
($) ($) ($) (daily) (shares, ◊106)

Alcoa AA NYSE 9.56 12.88 0.010 2.2% 27.8
American Express AXP NYSE 44.87 50.53 0.014 1.9% 8.6

Boeing BA NYSE 57.53 67.73 0.017 1.8% 5.9
Bank of America BAC NYSE 6.00 8.18 0.010 3.0% 258.8

Caterpillar CAT NYSE 72.60 92.83 0.029 2.3% 11.0
Cisco CSCO NASDAQ 14.96 16.84 0.010 1.7% 64.5

Chevron CVX NYSE 88.56 100.58 0.018 1.7% 11.1
DuPont DD NYSE 39.94 48.86 0.011 1.7% 10.2
Disney DIS NYSE 29.05 34.33 0.010 1.6% 13.3

General Electric GE NYSE 14.72 16.45 0.010 1.9% 84.6
Home Depot HD NYSE 31.08 35.33 0.010 1.6% 13.4

Hewlett-Packard HPQ NYSE 21.50 26.46 0.010 2.2% 32.5
IBM IBM NYSE 158.76 180.91 0.060 1.5% 6.6
Intel INTC NASDAQ 19.16 22.98 0.010 1.5% 63.6

Johnson & Johnson JNJ NYSE 61.00 66.14 0.011 1.2% 12.6
JPMorgan JPM NYSE 28.53 37.82 0.010 2.2% 49.1

Kraft KFT NYSE 32.70 35.52 0.010 1.1% 10.9
Coca-Cola KO NYSE 66.62 71.77 0.011 1.1% 12.3
McDonalds MCD NYSE 83.65 91.09 0.014 1.2% 7.9

3M MMM NYSE 71.71 83.95 0.018 1.6% 5.5
Merck MRK NYSE 30.71 33.49 0.010 1.3% 17.6

Microsoft MSFT NASDAQ 24.60 27.50 0.010 1.5% 61.0
Pfizer PFE NYSE 17.30 19.15 0.010 1.5% 47.7

Procter & Gamble PG NYSE 60.30 64.70 0.011 1.0% 11.2
AT&T T NYSE 27.29 29.18 0.010 1.2% 37.6

Travelers TRV NYSE 46.64 51.54 0.013 1.6% 4.8
United Tech UTX NYSE 67.32 77.58 0.018 1.7% 6.2

Verizon VZ NYSE 34.65 37.39 0.010 1.2% 18.4
Wal-Mart WMT NYSE 49.94 53.55 0.010 1.1% 13.1

Exxon Mobil XOM NYSE 67.93 74.98 0.011 1.6% 26.2

Table 1: Descriptive statistics for the 30 stocks over the 21 trading days of September 2011. The
average bid-ask spread is a time average computed from our TAQ data set. The volatility is an average
of daily volatilities over the period in question. All the other statistics were retrieved from Yahoo
Finance.

Exchange Code Rebate Fee
($ per share, ◊10≠4) ($ per share, ◊10≠4)

BATS Z 27.0 28.0
DirectEdge X (EDGX) K 23.0 30.0

NYSE ARCA P 21.0† 30.0
NASDAQ OMX T 20.0† 30.0

NYSE N 17.0 21.0
DirectEdge A (EDGA) J 5.0 6.0

Table 2: Rebates and fees of the 6 major U.S. stock exchanges during the September 2011 period, per
share traded. †Rebates on NASDAQ and ARCA are subject to “tiering”. That is, the quoted rebate
is only available to traders at the highest tiers of volume on the exchange; other traders may receive
significantly lower rebates.
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Market Order Routing Estimation

µi = µ
βiQi∑
i′ βi′Qi′

Attraction Coe�cient
ARCA NASDAQ BATS EDGX NYSE EDGA

Alcoa 0.73 0.87 0.76 0.81 1.00 1.33
American Express 1.19 1.08 0.99 0.94 1.00 0.94

Boeing 0.95 0.67 0.81 0.74 1.00 0.73
Bank of America 0.94 1.04 1.01 0.77 1.00 1.43

Caterpillar 0.82 0.78 1.13 0.70 1.00 0.58
Cisco 0.95 1.00 1.06 0.98 - 1.45

Chevron 0.70 0.93 1.17 0.65 1.00 0.75
DuPont 0.90 0.98 0.98 1.03 1.00 1.00
Disney 0.69 0.88 0.78 0.88 1.00 1.04

General Electric 0.79 1.01 0.94 0.73 1.00 1.63
Home Depot 0.76 0.98 0.79 0.84 1.00 1.02

Hewlett-Packard 1.04 1.04 1.02 0.68 1.00 0.82
IBM 1.25 1.20 1.20 1.05 1.00 0.54
Intel 0.83 1.00 0.96 0.84 - 1.04

Johnson & Johnson 0.80 0.94 0.86 0.92 1.00 0.77
JPMorgan 0.78 0.99 0.93 0.84 1.00 0.91

Kraft 0.72 0.89 0.83 0.73 1.00 1.06
Coca-Cola 0.68 0.84 0.79 0.76 1.00 0.88
McDonalds 0.90 0.86 1.03 0.82 1.00 0.82

3M 0.89 0.67 0.62 0.66 1.00 0.57
Merck 0.68 1.01 0.83 0.90 1.00 0.81

Microsoft 0.83 1.00 1.02 0.95 - 1.41
Pfizer 0.84 1.01 0.96 0.87 1.00 1.29

Procter & Gamble 0.79 0.89 0.88 0.89 1.00 0.89
AT&T 0.62 0.94 0.75 0.59 1.00 1.00

Travelers 0.80 0.69 0.69 0.84 1.00 0.80
United Tech 1.18 0.89 0.79 0.87 1.00 0.53

Verizon 0.77 0.95 0.88 0.72 1.00 0.85
Wal-Mart 0.72 0.88 0.79 0.71 1.00 0.91

Exxon Mobil 0.89 1.13 0.97 0.89 1.00 1.35

Table 4: Estimates of the attraction coe�cients —i from nonlinear regression. Note that the attraction
coe�cient of the listing exchange is normalized to be 1.

The attraction model of §2.2 for market orders suggests the relationship

(31) µ
(s,j)
i (t) = µ(s,j)(t) —

(j)
i Q

(s,j)
iqN

iÕ=1 —
(j)
iÕ Q

(s,j)
iÕ

,

where —
(j)
i is the attraction coe�cient for security j on exchange i. Note that our market order

routing model is invariant to scaling of the attraction coe�cients, hence we normalize so that
the attraction coe�cient for each stock on its listing exchange is 1. Then, given that {µ(s,j)

i (t)},
{µ(s,j)(t)}, and {Q(s,j)

i (t)} are all observable, we estimated the attraction coe�cients for each stock
on each exchange using a nonlinear regression on (31). The results are given in Table 4. Note that
all attraction coe�cient estimates are statistically significant.
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State Space Collapse II

NASDAQ BATS EDGX NYSE EDGA
Slope R2 Slope R2 Slope R2 Slope R2 Slope R2

Alcoa 1.02 0.83 0.99 0.93 0.99 0.76 0.98 0.88 0.92 0.91
American Express 0.48 0.66 0.57 0.68 0.53 0.60 0.45 0.64 0.44 0.62

Boeing 0.91 0.91 0.86 0.86 0.88 0.85 0.81 0.90 0.94 0.81
Bank of America 0.94 0.93 0.88 0.90 1.05 0.84 1.08 0.77 0.95 0.86

Caterpillar 0.93 0.91 1.06 0.89 0.80 0.75 0.93 0.91 0.84 0.80
Cisco 1.02 0.95 0.96 0.93 0.98 0.90 - - 0.97 0.90

Chevron 0.95 0.92 1.02 0.92 0.77 0.84 0.93 0.92 0.93 0.78
DuPont 0.85 0.95 0.92 0.93 0.79 0.83 0.74 0.94 0.72 0.86
Disney 0.84 0.95 0.93 0.92 0.83 0.87 0.67 0.91 0.76 0.86

General Electric 0.99 0.96 0.99 0.94 0.83 0.82 1.02 0.94 0.89 0.94
Home Depot 0.92 0.96 0.91 0.95 0.85 0.90 0.92 0.95 0.94 0.92

Hewlett-Packard 0.75 0.93 0.78 0.93 0.62 0.86 0.61 0.91 0.70 0.88
IBM 0.89 0.92 1.02 0.91 0.88 0.78 0.94 0.92 0.89 0.90
Intel 0.87 0.92 0.84 0.93 1.03 0.85 - - 1.04 0.89

Johnson & Johnson 0.86 0.92 0.94 0.87 0.87 0.86 0.81 0.91 0.71 0.86
JPMorgan 0.97 0.96 0.99 0.95 0.87 0.90 0.91 0.96 0.87 0.92

Kraft 0.72 0.85 0.75 0.85 0.82 0.80 0.68 0.87 0.65 0.73
Coca-Cola 0.91 0.97 0.96 0.95 0.98 0.87 0.79 0.94 0.68 0.83
McDonalds 0.90 0.93 1.02 0.94 0.90 0.78 0.90 0.90 0.79 0.86

3M 0.80 0.82 0.89 0.87 0.75 0.75 0.80 0.88 0.79 0.72
Merck 0.85 0.92 0.94 0.92 0.97 0.82 0.92 0.93 0.99 0.88

Microsoft 1.03 0.92 0.99 0.95 1.13 0.77 - - 1.00 0.95
Pfizer 0.89 0.92 0.95 0.94 0.95 0.87 0.93 0.92 0.89 0.92

Procter & Gamble 0.94 0.88 1.03 0.93 1.03 0.80 0.80 0.94 0.82 0.90
AT&T 0.93 0.90 0.87 0.89 1.12 0.79 0.89 0.93 0.93 0.88

Travelers 0.83 0.90 0.89 0.91 1.08 0.79 0.78 0.90 0.84 0.87
United Tech 0.84 0.92 0.72 0.91 0.76 0.84 0.67 0.91 0.62 0.61

Verizon 0.79 0.94 0.86 0.93 0.76 0.85 0.82 0.92 0.94 0.85
Wal-Mart 0.95 0.95 1.00 0.94 0.97 0.89 0.88 0.94 0.86 0.87

Exxon Mobil 0.88 0.97 0.93 0.97 0.78 0.84 0.89 0.92 0.92 0.89

Table 5: Linear regressions of the expected delays of each security on a particular exchange, versus
that of the benchmark exchange (ARCA) rescaled by the ratio of the attraction coe�cients of the two
exchanges.

that the stationary attraction model estimated in §4.2 results in a reasonably good fit for market
order routing decisions.

This linear relationship is illustrated in particular for the stock of Wal-Mart in Figure 3. Here,
we see that the linear relationship holds across all exchanges over periods that vary significantly
with respect to their prevailing market conditions, as is manifested in the roughly two orders of
magnitude variation in estimated expected delays. While the regression slopes in Figure 3 di�er
from those predicted by the linear relationship (34), they have the same ordering. That is, the
relative slopes of any two exchanges in Figure 3 are inversely ordered according to the corresponding
attraction coe�cients of the exchanges (cf. Table 4).

Residual analysis. The third prediction of the model pertains to the specific relationship (33)
that gives a one-dimensional prediction of the state of the various exchanges. That is, given the
market model coe�cients —

(j)
i and a measurement of the queue sizes at the various exchanges,

Q
(s,j)
i (t), one can compute the workload via (32), and then construct estimates for the expected
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Expected Delays vs. Queue Lengths
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Rate Variability
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